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A REMARK ON KA¨HLER METRICS WITH CONICAL SINGULARITIES
ALONG A SIMPLE NORMAL CROSSING DIVISOR
VED V. DATAR∗, JIAN SONG†
Abstract. Recently it was shown by H. Guenancia and M. Pa˘un that a singular metric
satisfying the conical Ka¨hler-Einstein equation with a simple normal crossing divisor is
equivalent to a conical metric along that divisor. In this note, we present an alternative
proof of their theorem.
Let (X,ω) be an n-dimensional Ka¨hler manifold with a smooth Ka¨hler metric ω. We fix a
divisor D =
∑N
j=1(1− βj)Dj , where βj ∈ (0, 1) and Dj’s are irreducible smooth divisors. We
further assume that D is a simple normal crossing divisor i.e for any p ∈ Supp(D) lying in
the intersection of exactly k divisors D1, · · · ,Dk, there exists a coordinate chart (Up, {zj})
containing p, such that Dj |Up = {zj = 0} for j = 1, · · · , k.
If sj is the defining section of Dj and hj is any smooth metric on the line bundle induced
by Dj , then for sufficiently small ǫj > 0, θj = ω + ǫj
√−1∂∂¯|sj|2βjhj gives a Ka¨hler metric on
X\Supp(Dj) with cone angle 2πβj along Dj . Now, set
(0.1) θ =
N∑
j=1
θj.
Then, θ is a smooth Ka¨hler metric on X\Supp(D). Moreover, for any p ∈ Supp(D) and any
coordinate chart (Up, {zj}) as above, θ is uniformly equivalent to the standard cone metric
(0.2) ωp =
k∑
j=1
√−1dzj ∧ dz¯j
|zj |2(1−βj)
+
N∑
j=k+1
√−1dzj ∧ dz¯j .
Next, for any λ ∈ R, we consider the Monge-Ampe`re equation
(0.3)


(ω +
√−1∂∂¯ϕ)n = e−λϕΩ∏N
j=1 |sj |
2(1−βj)
hj
ωϕ = ω +
√−1∂∂¯ϕ > 0
for some smooth volume form Ω. By rescaling one can always assume that λ = 1, 0,−1. In
the case that λ = 0, we impose an additional normalization that supM ϕ = 0. The above
equation arises when one considers the problem of prescribing the Ricci curvature of a conical
metric and was first studied by Yau in [14]. A natural question is whether conversely, any
metric ωϕ solving (0.3) is in fact conical. The answer is provided by [6, 1, 8] in the case of
a smooth divisor and by [2, 7] in the general case. In the present note, we demonstrate that
the situation with a simple normal crossing divisor is no harder than the one with a smooth
divisor, thereby providing an alternate proof for the following theorem of H. Guenancia and
M. Pa˘un.
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Theorem 0.1. [7] If ϕ is any bounded solution to (0.3), then there exists a constant C > 0
such that
(0.4) C−1θ ≤ ωϕ ≤ Cθ
on X\Supp(D), i.e., ωϕ is equivalent to a conical Ka¨hler metric along D.
The theorem is essentially equivalent to certain second order estimates. We begin with
Lemma 0.1. There exists a constant a > 0 such that, for any j ∈ {1, · · · , N}
(0.5) ωϕ ≥ aθj
on X\Supp(D).
Proof. We first assume that λ = 0. The proof in the other two cases is similar (cf. Remark 0.1)
with only a minor modification in the case of λ = 1. We set fj = log (
∏
i=1,...,N,i 6=j |si|2(1−βi)hi ).
Then for some constant A >> 1,
√−1∂∂¯fj > −Aω as currents. By Demailly’s regularization
theorem [5], there exist functions Fj,k ∈ C∞(X) such that Fj,k ց fj and
√−1∂∂¯Fj,k > −Aω.
Now, consider the following family of Monge-Ampe`re equations
(0.6)


(ω +
√−1∂∂¯ϕj,k)n = e
(−Fj,k+cj,k)Ω
|sj |
2(1−βj )
hj
ωj,k = ω +
√−1∂∂¯ϕj,k > 0
supM ϕj,k = 0.
It is well known [6, 1, 8, 3] that there always exists a solution ϕj,k in C
2,α,βj(X) for some
α ∈ (0, 1). Here C2,α,β(X) are the Ho¨lder spaces defined in [6]. Note that by integrating
both sides of the equation, it is easy to see that the constants cj,k are uniformly bounded and
converge to zero as k →∞. Since βj ∈ (0, 1), from (0.6) it is clear that ωnj,k/Ω ∈ L1+ǫ(X,Ω)
for some ǫ > 0 with uniform control over the L1+ǫ norm. So, by Kolodziej’s theorem [9],
the solutions ϕj,k are uniformly bounded in the C
0 norm. In fact, since from the equation
ωnj,k/Ω→ ωnϕ/Ω in L1(X,Ω), by the stability of solutions of complex Monge-Ampe`re equations
[10], |ϕj,k − ϕ|C0(X) → 0, as k →∞.
To obtain second order estimates, we note that trωj,kθj is bounded since ϕj,k ∈ C2,α,βj(X),
and so for any δ > 0 and B > 0, the quantity
(0.7) Q = log (|sj |2δhj trωj,kθj)−B
(
ϕj,k − ǫj |sj|2βjhj
)
attains its maximum value at some pmax ∈ X\Supp(Dj). Without loss of generality, we can
assume that |sj |hj ≤ 1 on X. First, it follows from (0.6) and the fact that ω ≤ cθ for some
c > 0, that there exists a uniform C > 0 such that Ric(ωj,k) > −Cθj. Next, the bisectional
curvature of θj is bounded above [8]. Hence by the Chern-Lu inequality [4, 11, 13], there
exist constants B,C > 0 independent of j, k and δ such that
∆ωj,kQ ≥ trωj,kθj − C.
By the maximum principle and the uniform C0 estimates, there exists an a > 0 such that
trωj,kθj ≤ a−1/|sj |2δhj on X. Letting δ → 0,
ωj,k ≥ aθj.
Taking limit as k → ∞ we prove that ωϕ ≥ aθj as currents. It follows, for instance from
the regularization properties of Monge-Ampe`re flows [12], that ωϕ is in fact smooth away
from Supp(D) and hence the inequality must be point-wise. This completes the proof of the
lemma. 
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Proof of Theorem 0.1. By adding the lower bounds from (0.5) for j = 1, · · · , N , we prove
that there exists C > 0 such that
ωϕ ≥ C−1θ.
Since θ is locally equivalent to a cone metric with angle 2πβj along Dj , it is easy to check
that
θn =
Ω′
∏N
j=1 |sj |
2(1−βj)
hj
for some continuous nowhere vanishing volume form Ω′, i.e., θn and ωnϕ are uniformly equiv-
alent on X\Supp(D). Together with the lower bound on the metric, it directly gives the
required upper bound on the metric. 
Remark 0.1. The proof with λ = −1 can be carried out exactly as above. When λ = 1,
we approximate the solution ϕ on the right hand side of (0.3) by quasi-plurisubharmonic
functions as in [7] and again proceed as above.
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